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Abstract. We prove under minimal assumptions on the coefficients tfiat exis- 
tence and uniqueness of solutions to semilinear stochastic evolution equations 
on a general separable Banach space E yields that the solutions are strong 
Markov processes. 

We also establish existence and uniqueness (thus by the above also the 
strong Markov property) of solutions for stochastic reaction-diffusion equations 
with polynomially bounded nonlinearity and Holder continuous multiplicative 
noise. 



1. Introduction 

In their seminal work [41 , Stroock and Varadhan studied diffusion processes with 
very general coefficients. The main novelty in their approach was that they consid- 
ered so-called 'martingale problems' rather than stochastic differential equations. 
Besides their very general existence and uniqueness results, it is their proof of the 
Markov property for diffusion processes that turned out to be most fruitful. It is 
the prototype of the following general principle: 

Existence and uniqueness of solutions for the martingale problem with degenerate 
initial values imply that all solutions of the martingale problem are strong Markov 
processes. We call this the Stroock- Varadhan principle. 

In this article, we establish a version of the Stroock- Varadhan principle for sto- 
chastic evolution equation 

(1.1) dX{t) = [AX{t) + F{X{t))]dt + G{X{t))dWH{t) , 

on a separable Banach space E. Here, A is the generator of a strongly continuous 
semigroup S on E, Wh is a cylindrical Wiener process with values in a separable 
Hilbert space H and the nonlinearities F : E ^ E and G : E ^ .^{H, E) satisfy 
suitable measurability and (local) boundedness assumptions. In fact, we shall con- 
sider even a more general situation to take into account smoothing effects of the 
semigroup. We will make our assumptions precise in Section [S] 

Our second main result concerns the stochastic partial differential equation 

du 

— (i,a;) =[div [a{x)Wu{t,x)] + f{x,u{t,x))] 

(1.2) oo 

+ J29kix,uit,x))-^{t) xeO,t>0 

k=l 

on a domain O C M'' with either Dirichlet or Neumann-type boundary conditions. 
Here a € C^'"(0, M''^'') for some a > 0, / is an odd-degree polynomial with 
continuous coefficients and strictly negative leading coefficient and the functions 
are ^-Holder continuous and of linear growth with suitable summability conditions. 
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The sequence {wk)keTi is a sequence of independent Brownian motions. We will 
prove existence and uniqueness of solutions for equation (ll.2p and thus, by our 
Stroock-Varadhan principle, the strong Markov property for the solutions follows. 

Let us compare our results with the existing literature. 

In the case where E is a, Hilbert space and F and G are Lipschitz continuous, 
the Markov property for solutions of (|l.ip has been established by Da Prato and 
Zabczyk \W, Section 9] without referring to the martingale problem. Ondrejat [35J 
has studied martingale problems (and established a version of the Stroock-Varadhan 
principle) on Banach spaces E which are 2-smoothable. 

Both approaches make explicit use of an E'-valued stochastic integral and this is 
also reflected in the (somewhat technical) assumptions on the coefficients A, F and 
G. There are two main motivations to extend the theory of martingale problems to 
general Banach spaces E. 

First, it is desirable to have a version of the Stroock-Varadhan principle which 
does not depend on the stochastic integral used. Recent results on stochastic inte- 
gration in Banach spaces [31] [5] make it possible to consider stochastic evolution 
equations in larger classes of Banach spaces. Thus, a Stroock-Varadhan principle 
which does not depend on the stochastic integral can be applied immediately to 
such equations, one does not have to check whether the proofs still work with the 
new stochastic integral. 

Second, there are certain classes of stochastic equations (with stochastic reaction- 
diffusion equations (|1.2p as a typical example) where the natural state-space E is 
a space of continuous functions such as G{0). Up to now, there is no satisfactory 
stochastic integration theory in such spaces. However, often stochastic integration in 
a smaller Banach space, typically a suitable Sobolev space, is sufficient to construct 
solutions. Even though the Sobolev space may be 2-smoothable, such equations do 
not fit into the framework of |35) . at least as far as general initial values in E, rather 
than in the smaller Sobolev space are concerned. 

Wc would like to point out a special difficulty in this case. Since the notion of a 
Markov process depends on the topology of the state space, it is not clear whether a 
Markov process in a Sobolev space, which is also a C(C')-valued stochastic process, 
is a Markov process in G{0). We should also note that in the case of strong Markov 
processes also the admissible stopping times depend on the state space. 

In the present article, we base our theory on (analytically) weak, rather than 
mild solutions (as in [l0l[35|), thereby avoiding the use of an valued stochastic 
integral altogether. This allows us to establish the Stroock-Varadhan principle 
fTheorem lS.Sp on a general separable Banach space E, with no further assumptions 
on E. Also concerning the coefficients A, F and G our assumptions are minimal, in 
particular, we do not assume the semigroup S to be analytic, nor do we assume G 
to take values in the space of all 7-radonifying operators. This makes our theory 
very flexible and thus easy to adapt to new notions of stochastic integration as well 
as to new methods of constructing solutions. 

Let us now turn to the application of our theory to equation (|1.2p . We should 
first note that from a probabilistic point of view there are two different existence 
concepts, strong existence and (stochastically) weak existence. In the former, a 
probability space carrying a cylindrical Wiener process Wh is given and a solu- 
tion is required to be defined on that given probability space. In the concept of 
a (stochastically) weak solution (in the infinite dimensional case, often the termi- 
nology martingale solution is used to distinguish stochastically weak solutions from 
analytically weak solutions) the probability space is part of the solution, i.e. we 
have to find some probability space carrying a cylindrical Wiener process, on which 
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a solution is defined. In the Stroock-Varadhan principle, existence refers to weak 
existence. 

If the coefficients are Lipschitz continuous in a suitable sense, then strong ex- 
istence of solutions can often be proved using Banach's fixed point theorem, see 
[im [TJ [32] . Existence of stochastically weak solutions can be proved for more gen- 
eral nonlinearities [42 l [TO l [2l |46] . 

Also concerning uniqueness of solutions, there are two different concepts. The 
uniqueness concept in the Stroock-Varadhan principle is that of uniqueness in law, 
i.e. any two solutions, defined on possibly different probability spaces, should have 
the same finite-dimensional distributions. 

Pathwise uniqueness means that two solutions defined on the same probability 
space and with respect to the same Wiener process are indistinguishable. A classical 
result of Yamada and Watanabe [44] states that in the finite dimensional setting 
pathwise uniqueness implies uniqueness in law. This result generalizes to our infinite 
dimensional setting. 

In the case were E is an infinite dimensional Hilbert space, uniqueness in law 
was studied by several authors [TH [3 SS] . We will discuss some cases of uniqueness 
in law for a general separable Banach space E elsewhere . 

Pathwise uniqueness is often an immediate consequence of Banach's fixed point 
theorem and thus relatively standard for Lipschitz nonlinearities. Also if F and 
G are not (locally) Lipschitz continuous, pathwise uniqueness can sometimes be 
established under additional assumptions, see [43l I27[ . 

Turning back to equation ()1.2p . existence of solutions was established under a 
uniform boundedness assumption on the gk by Brzezniak and G§,tarek [2]. We 
extend this existence result to gk of linear growth using some ideas of Cerrai [6], 
who studied equations with locally Lipschitz continuous coefficients (cf. also [33]). 
We note that Brzezniak and Gatarek did not discuss uniqueness of solutions, except 
for the case of locally Lipschitz continuous coefficients. 

In Section [S] we prove pathwise uniqueness for ()1.2|) . This result is related to 
the article [27\ by Mytnik, Perkins and Sturm who establish pathwise uniqueness 
for an equation involving the Laplacian on M''. We would like to point out that 
their proof depends on the translation invariance of the Laplace operator on M'* 
and hence does not carry over immediately to our situation, where the differential 
operator has non-constant coefficients and is considered on a domain. Let us also 
mention Burdzy, Mueller and Perkins [4], who give an example with white noise, 
where pathwise uniqueness does not hold. 

This article is organized as follows. In Section [21 we present some preliminary 
results about martingale problems on on complete, separable metric spaces. In 
Section [3] we establish a one-to-one correspondence between weak solutions of sto- 
chastic evolution equation (jl.l[) and an (associated) martingale problem. Then the 
results of Section [2] are used to establish the Stroock-Varadhan principle for such 
equations fTheorem l3.8p . In Section [4] we discuss the equivalence of (analytically) 
weak and mild solutions. In the concluding Section [5] we prove well-posedness of 
equation (|1.2I) . 

2. Markov processes and local Martingale Problems 

In this section {E, d) is a complete, separable metric space. We denote the Borel 
CT-algebra of E by B{E). The spaces of scalar- valued measurable, bounded measur- 
able, continuous and bounded continuous functions will be denoted by B{E), Bb{E), 
C{E) and Cb{E) respectively. 7^(-E) denotes the set of all probability measures on 
{E,B{E)). For x G E, the Dirac measure in x is denoted by 6x- 

By C([0, oo); E) we denote the space of all continuous, i?- valued functions. The 
elements of (C[0, oo); i?) will be denoted by bold lower case letters: x, y, z. Endowed 
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with the metric S, defined by 

oo 

5(x,y) :=^2-'= sup d(x(t), y(t)) A 1 , 

fc^i te[-k,k] 

C{[0,oo); E) is a complete, separable metric space in its own right. We denote its 
Borel cr-algebra by It is well-known that ^ = cr(x(s) : s > 0), see [191 Lemma 
16.1]. Here, in slight abuse of notation, we have identified x(s) with the valued 
random variable x i— )■ x(s). We shall do so in what follows without further notice. 
The filtration generated by these 'coordinate mappings' is denoted by B := {■^t)t>o, 
i.e. 3§t ■= o'(x(s) : s <t). 

The space 'P{C{[0,oo); E)) will be topologized by the weak topology, i.e. the 
coarsest topology for which for all bounded continuous function $ on C([0, oo); E), 
the map P i— >■ / <i> dP is continuous. It is well known that this topology is metrizable 
through a complete, separable metric, see 03 Section II. 6], i.e. V{C{[0,oo); E)) is 
a Polish space. 

A probability measure P on (C([0, oo); E), SS) is called a Markov measure if the 
coordinate process (x(t))t>o defined on (C([0, oo); S), P) is a Markov process 
with respect to B, i.e. for all / € Bi,{E) and s,t > we have 

E[f(x{t + s))\m] =E[/(x(t + s))|x(i)] P-a.e., 

where E denotes (conditional) expectation with respect to P. If this equation also 
holds whenever t is replaced with a bounded B-stopping time r, i.e. the coordinate 
process is a strong Markov process with respect to B, then P is called a strong 
Markov measure. 

A transition semigroup is a family T :— (T{t))t>o of positive contractions on 
Bb{E) such that 

(1) T is a semigroup, i.e. T(0) = / and T{t + s) = T{t)T{s) for ah t,s>0. 

(2) Every operator T{t) is associated with a Markovian kernel, i.e a map pt : 
E X B{E) ^ [0,1] such that (i) ptix,-) G ViE) for all x e E and (ii) 
Pti-,A) G Bb{E) for aU A £ B{E). That T{t) is associated with pt means 
that T{t)f{x) = f{y)pt{x, dy) for all / e Bb{E). 

The kernels pt themselves are referred to as transition functions or transition proba- 
bilities. The semigroup property above is equivalent with the Chapman- Kolmogorov 
equations. 

A probability measure P on C([0, oo); E) is called Markov measure with transition 
semigroup T if for all / G Bi,{E) and s,t > we have 

E[/(x(t + ,5))|^t] =E[/(x(i + s)|x(t)] = [T(,s)/](x(t)) P-a.e. 

If this equation also holds whenever t is replaced with a bounded B-stopping time 
r, then P is called a strong Markov measure with transition semigroup T. 

The connection between martingale problems and Markovian measures is well 
established, see [HI Chapter 3]. However, in order to apply this theory to stochas- 
tic differential equations on Banach spaces, we have to consider local martingale 
problems rather than martingale problems. 

Definition 2.1. An admissible operator is a map Jff, defined on a subset D{j!f) C 
C{E) and taking values in B{E) such that for all / G D{J^') the function .if/ is 
bounded on compact subsets of E. 

Given an admissible operator a probability measure P on C([0, oo); E) is said 
to solve the local martingale problem for ^ if for every / G D{^) the process M-'^ 
defined by 

(M/(x))(i) :=/(x(i))- f J^f{^{s))ds 

Jo 
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is a local martingale under P. This of course means that there exists a sequence 
Tn, which may depend on /, of B-stopping times with t„ f oo P-almost surely such 
that the stopped processes M:^^, defined by M:J^ (i) := IsA-^^tA r„), are martingales 
for all n eN. 

If an initial distribution fi £ 'P{E) is specified, we say that P is a solution to the 
local martingale problem for /i) to indicate that in addition to being a solution 
to the local martingale problem for the measure P satisfies P(x(0) G F) = ^(F) 
for all F e B{E), i.e. under P the random variable x(0) has distribution /i. 

We note that by the continuity oiti—>- x{t) and since .Sf / is bounded on compact 
subsets of E, the process M-'' is well-defined. In fact, since / is a continuous function, 
it follows that M-'' is a continuous process. Before we proceed, we prove that the 
'localizing sequence' r„ in the above definition may be chosen independently of P. 
We will, however, also have occasion to use other localizing sequences. 

Lemma 2.2. Let ^ he admissible. For f G D(^), define t„ j by 

:= ini{t > 0; jM-'^ {t)\ > n} . 

Given a probability measure P, the process IsA-^ is a local martingale under P if and 
only if M^^ ^ is a martingale under P for all n G N. 

Proof. Since M-' is a continuous process, the random time r„ j is a stopping time 
as hitting time of the closed set R \ {—n, n). Furthermore, t„j f oo pointwise and 
hence pointwise almost everywhere with respect to any probability measure P on 
C{[0,oo);E). 

By [19, Lemma 17.1], M-'^ is a local martingale under P if and only if is a 

local martingale under P for all n £ N. However, for fixed n, the process M^^ ^ is 
uniformly bounded by the definition oi t„j. It follows from dominated convergence 
that 'M.l^ ^ is a local martingale if and only if it is a (true) martingale. □ 

The Stroock-Varadhan principle which we establish in the next section is based 
on the following theorem which is a straightforward generalization of [TTJ Theorem 
4.4.2] to local martingale problems. 

Theorem 2.3. Let be admissible. Suppose that for every /j, G V{E) any two solu- 
tions P, Q o/ the local martingale problem for (.jSf , /i) have the same one- dimensional 
distributions, i.e. for all t > we have 

P(x(t) e F) = Q(x(t) e F) \/reB{E). 

Then 

(1) Every solution of the local martingale problem for ^ is a strong Markov 
measure. 

(2) For every /i e ^{E), there is at most one solution to the local martingale 
problem for (^, /i). 

// in addition to the uniqueness assumption above for every x € E there exists a 
solution Px to the local martingale problem for {S£ ^ ?ix) and if the map x i— P x{E) 
is Borel measurable for all B e S8, then 

(3) For every /i G 'P{E), there exists a solution P^ of the local martingale 
problem for 

(4) Define the operator T(t) byT{t)f{x) / /(x(t))dP^ for f £ Bb{E). Then 
every solution P of the local martingale problem for is a strong Markov 
measure with transition semigroup T := (T{t))tyQ. 

It is well known that if P is a Markov measure with transition semigroup T, 
then T and the distribution /x of x(0) under P determine the finite-dimensional 
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distributions of P and hence, since = (7(x(t) : t > 0), the measure P uniquely. 
In fact, for < ti < • • • < t„ < oo and Aj e ^^{E) for < j < n we have 



This proves that the additional measurabihty assumption in Theorem 12.31 is nec- 
essary for the existence of a semigroup which serves as a transition semigroup for 
all sohitions of the local martingale problem. Indeed, (j2.1l) implies the measura- 
bihty of a; I— > Px{B) for all cylinder sets B, and this extends to arbitrary B £ 
by a monotone class argument. Let us also note that by [20] Theorem 17.24] the 
map X I— >■ "PxiB) is measurable for all B G ^ if and only if the map x i-> P^ is 
Borel- measurable as a map from E to 7'(C([0, oo); i?)). 

Definition 2.4. Let ^ be an admissible operator. We say that the local martingale 
problem for ^ is well-posed if for every x € E, there exists a unique solution P^ of 
the local martingale problem for {^,6x)- 

We say that the martingale problem for ^ is completely well-posed, if (i) for 
every fi € 'P{E) there exists a unique solution P^ of the local martingale problem 
for (^, /i) and (ii) the map x i— >■ Px(-B) is measurable for every B ^ SS. 

In the case of uniqueness, we will use the notation P^ resp. P^i for the solution 
of the local martingale problem for (^, S^), resp. (^, [i). 

We note that by (2) of Theorem l2.31 the uniqueness assumption in the definition 
of 'completely well-posed' can be weakened to uniqueness of the one-dimensional 
marginals. Similarly, by (3) of Theorem 12.31 in the definition of 'completely well- 
posed' it suffices to assume existence of solutions only for degenerate initial distri- 
butions 8x,x € E. 

By part (4) of Theorem 2.3, if the local martingale problem for ^ is completely 
well-posed, then there exists a transition semigroup T such that every solution P^ 
is a strong Markov measure with transition semigroup T. This semigroup T is 
uniquely determined by ^ and will be called the associated semigroup. 

In the remainder of this section, we will discuss the Feller property of the semi- 
group T. We recall that a transition semigroup T is said to have the Feller property, 
if the space Cb{E) is invariant under T. In this case, it is interesting to study the 
continuity properties of the orbits t t-s- T{t)f for / G Cb{E). Here, two continuity 
concepts are of particular interest: pointwise continuity and continuity with respect 
to the compact-open topology. The latter means that for all / G Ch{E) we have 
T{t)f — >■ T{s)f uniformly on the compact subsets oi E as t ^ s. 

The special structure of the operators T{t) as kernel operators allows us to use 
the theory of semigroups on norming dual pairs [24j I25j to study the semigroup T. 
In the case of a Feller semigroup, we work on the norming dual pair {Cb{E), A4{E)), 
where M{E) denotes the space of all complex measures on {E,B{E)). 

In this framework, the continuity concepts above have a different interpretation. 
A transition semigroup with the Feller property is pointwise continuous if and only 
if the orbits t T{t)f are a{CbiE), M{E))-contimioua for all / G Cb{E). Here, 
a{Cb{E),A4{E)) is the weak topology induced by A4(E) on Cb{E). Thus, pointwise 
continuity corresponds to continuity with respect to the coarsest locally convex 
topology consistent with the duality. 

On the other hand, continuity of the orbits with respect to the topology of 
uniform convergence on compact sets corresponds to continuity with respect to the 
finest locally convex topology consistent with the duality, i.e. the strict topology 
(io{E). Since this topology will also be of independent interest later on, we explain 
this in more detail. For a Polish space E, the strict topology (io{E) is defined as 



(2.1) 




■ ■ •Pt„_i-t„_2(yn-2, 



dyn-i) ■ ■ ■Pti{yo,dyi)dfi{yo) . 
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follows. Let J-q{E) be the space of all bounded functions ip : E C which vanish 
at infinity, i.e. given e > there exists a compact set K C E such that |</'(a:)| < e 
for all X ^ K. The topology Po{E) is defined by the seminorms {p^)^£To^ where 
Pfif) ~ llv'/lloo- Obviously, it suffices to consider only real- valued, positive (f. 

It is well known that the strict topology coincides with the topology of uniform 
convergence on compact sets on || • -bounded sets. Since transition semigroups 
are bounded, it follows that given a transition semigroup T with the Feller property, 
for / S Cb{E) the orbit t ^ T{t)f is continuous with respect to the compact- 
open topology if and only if it is continuous with respect to the topology Po{E). 
Furthermore, f3o{E) is the strict Mackey topology of the dual pair {Cb{E),M{E)), 
i.e. f3o{E) is the topology of uniform convergence on the a{A4{E), Cb(£'))-compact 
subsets of A4{E). We refer to [ID] (see also [23] for further references) for more 
information. 

We will say that a transition semigroup T is a Feller semigroup if it has the 
Feller property and the orbits of bounded, continuous functions under T are point- 
wise continuous. We will say that T is a strictly continuous Feller semigroup if T 
has the Feller property and the orbits of bounded, continuous functions under T are 
/3o(i')-continuous. The importance of strictly continuous Feller semigroups arises 
from the fact that such semigroups are not only /3o(i?)-continuous, but also locally 
/3o(^^)-equicontinuous, see [231 Theorem 4.4]. This makes it possible to prove gener- 
ation and perturbation results for such semigroups. Since the transition semigroup 
determines the distribution of solutions to the local martingale problem uniquely, 
this can be used to prove uniqueness of solutions to the local martingale problem, 
cf. [12]. 

Theorem 2.5. Let I£ he an admissible operator such that the local martingale 
problem for ^ is completely well-posed and denote the associated semigroup by T. 

(1) T is a Feller semigroup if and only ifF^^ — i Fx whenever Xn — > x. Here, 

^ denotes weak convergence of the finite- dimensional distributions. 

(2) If X Px is continuous, then T is a strictly continuous Feller semigroup. 
Here, V{C{[0, oo); E)) is endowed with the weak topology. 

Proof. (1) It is easy to see that T is a Feller semigroup if and only if the one- 
dimensional marginals of Px^ converge to those of P^:. The result now follows from 
[TTl Lemma 4.8.1]. 

(2) If a; !->■ Pa; is continuous, T is a Feller semigroup by part (1). By the 
results of [24l |25], T\c^(^e) is an integrable semigroup on {Cb{E),M{E)) with 
a{Cb{E),M{E))-dense\y defined generator. 

By [Ml Theorem 4.4], to prove the /3o(£')-continuity, it suffices to produce, given 
T, e > and a compact set K <Z E a. compact set L <Z E such that 

Pt{x,E\L)<e yxeK,te[0,T] . 

However, if ii' C -E is compact, then, by continuity of the map x i— >■ P^:, the set 
of measures {P^; : x G K} is weakly compact and thus, by Prokhorov's theorem, 
tight. Hence, given e > we find a compact set 'i' C C{[0,oo); E) such that 
Px{C{[0,oo); E) \'^) < e for all x G K. However, by the Arzela-Ascoli theorem, 
given T > there exists a compact set L & E such that x{t) G L for all x S ^ and 
< t < T. Hence 

Pt{x, E\L)= Px{^{t) eE\L)< PxiC{[0, ^)-E)\^)<e 

for &\\x e K and < t < T. This finishes the proof. □ 
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3. Stochastic differential equations on Banach spaces 

We now turn our attention to the stochastic evolution equation (|l.ip . In order 
to stress the dependence on the coefficients, we will also refer to equation (|l.ip as 
equation [A,F,G]. The following are our standing hypotheses on the coefficients 
and will be assumed throughout Section [H 

Hypothesis 3.1. E' is a separable Banach space and A generates a strongly continuous 
semigroup S := {S{t))t>o on E. H is a. separable Hilbert space and Wh is an H- 
cylindrical Wiener process. E is a separable Banach space such that D{A) C E C E 
with continuous and dense embeddings. Throughout, all Banach spaces are real. 
Furthermore, 

(1) F : E E is strongly measurable and bounded on bounded subsets of E; 

(2) G : E ^ ■Si'iH, E) is i/-strongly measurable, i.e. Gh : E ^ E is strongly 
measurable for all h E H, and G is bounded on bounded subsets of E. 

Let us recall that an i7-cylindrical Wiener process is a bounded linear operator 
Wh from L^(0,(X);77) to L^(ri, E,P), where (ri,E,P) is a probability space, such 
that Wfflf) is a centered Gaussian random variable for all / e L^{0, oo; H) and we 
have 



Note that for all ft, e the process Wnh := (Wif (i)ft.)t>o is a real-valued Brownian 
motion (which is standard if \\h\\H = !)• 

If a filtration F :— {^t)t>o is specified on {il, E,P), we will say that Wh is an 
i/-cylindrical Wiener process with respect to F if Wnh is a Brownian motion with 
respect to F for all h G H, i.e. the process 1 1-^ Wnh is F-adapted and the increments 
WH{t)h — WH{s)h are independent of 

We will use the following solution concept. 

Definition 3.2. A tuple ((f^, E, P), F, VF^, X) , where (f2,E,P) is a probability 
space endowed with a filtration F, Wh is an H-cylindrical Wiener process with 
respect to F and X is a continuous, F-progressive, E'-valued process is called weak 
solution of pTTj) if for aU x* e D{A*) C E* and i > we have 



Remark 3.3. Let us note that 'solutions' of p.ip are always required to have con- 
tinuous paths. This applies to weak solutions, as well as to other solution concepts, 
introduced later. 

As a second remark, we note that weak solutions are weak both in the analytic 
(i.e. we require (|1.1[) to hold only if tested against functionals x* £ D{A*)) and in the 
stochastic sense, i.e. the probability space is part of the solution. In fact, all solution 
concepts that we will use will be weak in the stochastic sense. Hence, in order to 
shorten notation, we have decided to use the term 'weak solution' rather than 
'analytically weak and stochastically weak solution' or 'weak martingale solution'. 
Also this remark applies to other solution concepts that we will use. 

By the continuity of the paths and our assumptions, the Lebesgue-integral in 
p.l|) is well defined. The stochastic integral in equation p.ip is an integral of an 
H ~ if*-valued stochastic processes with respect to a cylindrical Wiener process. It 



E{WH{fi)WH{f2)) = [/i,/2]l-(o,oo;H), /i , /2 G L^iO,^;H). 



We shall write 



WH{t)h:^WH{l(o,t]<»h), t>0,heH. 



(3.1) 




P-a.e. 
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is well known how to construct such an integral for adapted iJ-valued processes $ 
such that $ e L^{0, T; H) almost surely for all T > 0. Namely, if (/ifc) is a (finite or 
countably infinite) orthonormal basis of H and we define Pt^{s) := WH{s)hk, then 

/ dWH{s) := V , hk]^ dh{s) . 
•^0 k 

The integral process l{t) := /J <^{s)dWH{s) is a continuous, local martingale with 
with quadratic variation = ||$(s)||^ ds. We also note that for a F-stopping 

time r we have almost surely l{t A r) = 1[q t-](s)$(s) dWuis) for all i > 0. 

In order to shorten notation, we will say that a process X is a weak solution of 
()1.I|) . meaning that X is a continuous, progressive, iJ- valued process, defined on 
a stochastic basis E,P, F) on which an _ff-cylindrical Wiener process Wh with 
respect to F exists such that E, P), F, Wh, X) is a weak solution of In this 

case, unless stated otherwise, P will denote the measure on the probability space 
and Wh the i?-cylindrical Wiener process. These remarks apply, mutatis mutandis, 
also for the other solution concepts that we will introduce. 

Remark 3.4. We note that the exceptional set in p.ip which initially depends on 
X* and t may be chosen independently of since the deterministic integrals as well 
as the stochastic integral in are pathwise continuous in t. 

3.1. The strong Markov property. We now establish the strong Markov prop- 
erty for weak solutions of (jl.ip using the results of Section [2l The complete, sep- 
arable metric space we work on will be the Banach space E from Hypothesis 13.11 
endowed with the metric induced by its norm. The admissible operator we will 
consider is defined in terms of the coefficients A, F and G. We then prove a one- 
to-one correspondence between solutions of the local martingale problem for this 
operator — S£\a,f,g] ^-^d weak solutions of (11.11) . Hence, results about solutions 
of the local martingale problem for this operator ^ yield corresponding results for 
weak solutions of equation \A, F, G]. 

The operator .^[a,f,g] is defined as follows. 

Let ^ denote the vector space of all functions / : i? ^ R of the form 

fix) = (p{{x,xl), {x,x*J) 

where neN, ipe C2(R") and a;^, ... , < G D{A*). 
For / = a;*),..., (•,<)) G we put 

L[A,F,G]f{x) := J2 ^^)' ■ • ■ ' <)) • [(^' + (^(^)' ^fc)] 

(3-2) 1 

+ 2 E \G{xrxl , G{xrx\]H^^{{x, ), . . . , (x, x;)) 

k,l—l 

The operator .^[a,f,g] is defined by D{J^) ~ 2) and ^\A,F,G\f '■— L[A,F,G]f- 
Put ^min := {(-^x*)^ : X* e D{A*),j = 1,2}. We will also use the operator 
•^[AFG] ■~ ■^lA,F,G]\@,^in- We note that since F and G are bounded on bounded 
subsets of E, the operators .^[a,f,g] ^nd are admissible. 

Theorem 3.5. Suppose that X is a weak solution of equation [A,F,G]. Then the 
law P o/ X solves the local martingale problem for ^^a,f,g] ■ 

Conversely, ifP solves the local martingale problem for ^^"p then there exists 
a weak solution X of equation [A,F,G] with distribution P. 

Proof. First suppose that X is a weak solution of equation [A, F, G]. 
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Let / = (p{{-,xl), . . . , (■, X* )) e ^ and define the R"-valued process ^ by 
Ut) {X{0),xl)+ f\x{s),A*xl) + {FiXis)),xl)ds+ f G{X{s)yxldWH{^ 



for fc = 1, . . . , n. Since X is a weak solution, for all t > we have ^fc(t) = {X{t), x^) 
almost surely. Since and {X(-),Xk) are almost surely continuous, we actually 
may assume that almost surely £,k(t) — {X{t), xl) for alH > and k = 1, . . . ,n. 
We also define R"-valued processes V and M by 

Vk{t):= f {X{s),A*xl) + {F{X{s)),xl)ds , Mk{t) := f G(X(s))*4 dW^^ (s) , 
Jo Jo 

ioi k — 1, . . . ,n. Note that, almost surely, V has continuous trajectories of locally 

bounded variation and that M is a continuous, local martingale. It follows from 

Ito's formula [TTl Theorem 5.2.9] that, almost surely, 

/(A-(())-/(X(0)) =,>«(()) -v(«0)) 

= £ [LlA.F.G]f]{X(s))ds + fl l J^(f) . 

for alH > 0. Here, we have used that 

lMk,Miit - f\G{X{s)rxl,GiX{s)rxnHds . 
Jo 

It thus follows that 

fiX{t)) - fiX{0)) - f [L^A.F.G\f]{X{s)) ds 
Jo 

is a continuous local martingale with respect to F. Passing to the range space 
C([0, oo); £'), it follows that under the distribution P of X, the process M-'' is a 
continuous local martingale. 

We now prove the converse. First note that if x* E D{A*), then for fi{x) — 
{x,x*) we have i[A,F,G]/i(2;) = {x,A*x*) + {F{x),x*) and for f2{x) = we 
have L[A,F,G]f2{x) = 2{x, A*x*) ■ [{x, A*x*) + (F{x),x*)] + ||G(x)*x*||^. Since M^i 
and M-^^ are local martingales, it follows from ,351 Lemma 34] that under P the 
process 

(x(i),x*) - (x(0),a;*) - / (x(s), A*a;*) + (F(x(s)), a;*) ds 



is a continuous local martingale with quadratic variation ||G(x(s))*x* |j^ c?s. By 
[Si Theorem 3.1], we find an extension (^2,E,F,P) of (C([0, oo); ^, B, P) on 
which a cylindrical Brownian motion Wh is defined such that for all x* E D{A*) 
we have 

(x(i),a;*)-(x(0),x*)- / (x(s), + (F(x(s)), x*) ds - / G{x{s))*x*dWH{s) 



P-almost everywhere for alH > This proves that x, defined on this extension, is 
a weak solution of [A, F,G]. □ 

Corollary 3.6. A measure P G V{G{[0,oo)] E) solves the local martingale problem 
for ^[A,F,G] */ "'''T'd only if it solves the local martingale problem for . 
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Motivated by Theorem 13.51 we will say that the local martingale problem for 
■^[A,F,G] is the local martingale problem associated with equation [A,F,G\. We 
will say that equation \A, F, G] is (completely) well-posed if the associated local 
martingale problem is (completely) well-posed. 

We next prove that if equation [A, F, G] is well-posed, then it is completely 
well-posed. By the results of the previous section, this implies that there exists 
a transition semigroup T such that every solution of [A, F, G] is a strong Markov 
process with transition semigroup T. 

As in the finite dimensional case, cf. [TTl Theorem 4.4.6], the key step is to prove 
that it even suffices to consider the martingale problem for an operator .^j*^ ^ , 
defined on a countable set. 

Lemma 3.7. There exists a countable subset S>q of ^ such that a measure P 
solves the local martingale problem associated for ^[a,f,g] */ ^'^'^ only if it solves 
the martingale problem associated with J^^^^ p := ^[a,f,g]\sio- 

Proof. Step 1: We construct the set 

First note that there exists a countable subset D of D{A*) such that for every 
X* G D{A*) there exists a sequence (x*) C D such that x* and A*a;* ^* 

A*x* . To see this, first note that there is a countable set {z* : n G N} C i?* which 
is sequentially weak*-dense in E* , see §21.3 (5) of [21]. Put D := {R{\, A*)zl : n £ 
N} for some A £ p{A*). Using that R{X,A*) is ct(£'*, £')-continuous as an adjoint 
operator, it is easy to see that D has the required properties. Replacing D with the 
set of all convex combinations of elements of D with rational coefficients, we may 
(and shall) assume that such convex combinations belong to D again. 

Now choose a sequence (pn £ C^(R) with the following properties: 

(1) (pn{t) — t for all ~n < t < n and (pii{t) = for i ^ 2n, 2n]. 

(2) sup„ ||¥j;||^,sup„ < oo. 

We then define 

^0 ■■= {/ = M{;=c*)y for some n £ N , x* £ D , j £ {1,2}} 
and put ^(a,f,g] ■^IA,f,g]\&o- 

Step 2: Now let P be a solution of the local martingale problem for ^j*^ p g,j . 
We prove that P solves the local martingale problem for ^[™'^ . This finishes the 
proof in view of Corollary 13.61 

First note that M-'' is a local martingale for any / = (•, x*)-' , x* £ D , j £ {1, 2}. 
To see this, let r„ := M{t > : \{x{t),x*)\ > n} and put /„ ipn{{-,x*)y £ 
Arguing as in Lemma [2^ it follows that M:f^ = M:^^ is a martingale under P. 

Now fix X* £ D{A*) and a sequence (a;* ) C D such that a:* ^* a:* and A*a:* ^* 
A*x*. By the uniform boundedness principle, the sequences (a;*) and (A*x,*) are 
bounded in E* , say by M. For m £N put t„j mi{t > : \\x{t)\\ > m}. 

Let us first consider / :— (•, a;*). For /„ :— (•, x* ), the stopped process M:^^ is a 
martingale for all n,m £N. Furthermore, since L^j^ pQ^fn i[A,_F,G]/ pointwise, 
it follows that M^^(t) — M.l^{t) pointwise, for all t > 0. Since F is bounded on 
-6(0, m), say by Cm, we find for t > s 

I M^;; (x) (t) - Mil (^) («) | < - «) ■ M + C„, ■ M] +2m-M 
for all n,m £ N. Applying the dominated convergence theorem to (M^^ (t) — 
^r", (■5)) Is J where B is an arbitrary set in i^^, it follows that M:^^ is a B- martingale 
under P. Since r,„ t 00 almost surely, M-'' is a local martingale. 

Next consider / :— {■,x*)'^. For /„ := (•,a;*)^, the stopped process M^^ is a 
martingale for all n,m £ N. Similarly as above, one sees that for every m G N the 
difference |M:^^ (t) — M:^^ (s) | may be majorized by a bounded function independent 
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of n. However, due to the term ||G(-)*a;* in L\^/^ pQ^fn, the weak convergence 
a;* ^* X* does not suffice to conclude that i[A,F,G]/n. ~^ L[A,F,G]f pointwise. Hence 
we employ a different method here. A similar argument was used in the proof of 
[331 Theorem 2.3], cf. also [Ml Corollary 2.3]. 

We fix < s < i and m £ N. The dominated convergence theorem yields weak 
convergence 
rt pt 

l[o,.„](x(r))G(x(s))*<dr- / l[o,r„] (x(r))G(x(s))*x* dr mL\n,P;H). 

J s 

Hence , for any TV e N, 1[o.t„] (x(r))G(x(r))*x* d?- belongs to the weak closure 
of the tail sequence ( l[o.Tm] (x(?'))G(x(r))*a;* dr)^^j^. By the Hahn-Banach the- 
orem, it belongs to the strong closure of that tail, whence we find vectors y^, 
belonging to the convex hull the sequence (a;*)„>Ar, such that we have strong con- 
vergence 

l[o,.„](x(r))G(x(r))*y^dr^ / l[o,.„] (x(r))G(x(r))*x* dr inL^n,P;H). 

J s 

After passing to a subsequence, we may assume that this convergence holds point- 
wise a.e. Note that x* , as yj^ belongs to the tail (a;*)„>Ar. Hence it follows 
that 

pointwise almost everywhere. Here, g^ ■— {'jUn)'^- 

Note that we may assume without loss of generality that is a convex combi- 
nation of the (x*)„>Ar with rational coefficients. Hence, ijn e D and thus gN € 
implying that M^^ is a martingale for all N G N. Now, similarly as above, the 
dominated convergence theorem shows that M:^ is a martingale for all to e N. 
This finishes the proof. □ 

Now the announced result about the equivalence of well-posedness and complete 
well-posedness follows as in the finite-dimensional case, see [HI Theorem 21.10]. 
For reasons of completeness, we include a proof. 

Theorem 3.8. Suppose that the local martingale problem for ^[a,f,g] '-s well- 
posed. Then it is completely well-posed. Consequently, all weak solutions of equation 
[A,F,G] are strong Markov processes with a common transition semigroup T. 

Proof. We first prove the measurability of the map x i— ?> Px- Consider the set 
V := {Px : x£ E}. We claim that F is a Borel subset of 'P(G([0, oo);E). Indeed, 
by well-posedness, y = Vi n V2, where Vi is the set of all probability measures with 
degenerate initial distributions and V2 is the set of all solutions to the martingale 
problem. 

Since the map P n- P o x(0)~^ is measurable from 'P{C{[0, 00); E)) to V{E), the 
measurability of Vi follows from [THl Lemma 1.39]. 

By Lemma [3Jl P € V^2 if and only if M-'^ is a local martingale for all / G f^o- 
With T„ := inf{t > : ||x(t)|| > n}, this is equivalent with 



/ M^(i AT„)dP = / mf{s^Tn)dP 

J B Jb 



Vs < t, B e , n e N. 

iB Jb 



However, using continuity of t M- x(t) and the fact that the cr-algebra 3§s is count- 
ably generated for all s > 0, we see that M-^ is a local martingale whenever the 
above equality holds for n G N, s, t G Q with s < t and i? in a countable subset of 
^^s- Hence the set V2 is determined by countably many 'measurable relations' and 
hence measurable. It follows that V is measurable as claimed. 

Now define the map ^ : V ^ E hy defining ^(P) as the unique x such that 
P o x(0)^^ — Sx- Clearly, $ is injective. Furthermore, $ is measurable as the 
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composition of the measurable map P o x(0)^^ and the inverse of the map x i-^ S^, 
which estabhshes a homeomorphism between E and the range of that map. By 
the Kuratowski Theorem, see |381 Section 1.3], the inverse is measurable, i.e. 
a; Pa; is a measurable map from E to V{C{[Q, oo);E)) 

It remains to prove the uniqueness of solutions with arbitrary initial distributions 
fi for the martingale problem for -S?[a.f,g]j the existence of solutions with general 
initial distributions will then follow from Theorem 12.31 

To that end, assume that P solves the local martingale problem for J^'[a.f.g] 
and that x(0) has distribution e T-'iE). Let Q : i? x ^ — > [0, 1] be a regular 
conditional probability (under P) for ^ given x(0). Then 

P{A) = [ Q{x,A)dn{x) \fAe^. 

J E 

Now let t > s > and B E SSg be given. Then, for f E S', we have 

[ Mf{tATn)-Mf{sATn)dq{x,-)^ I M^' (i A T„ ) - (s A ) dP = 

Jb J Bn{x{o)=x} 

P-almost everywhere. We note that the null-set outside of which this equation 
holds depends on t,s,n,B and the function /. However, arguing as above, we see 
that for fixed /, there exists a null-set N{f), such that the above equation holds 
outside N{f) for all t > s,n eN and B E ^s- Putting N := U/e^o ^1/)^ it follows 
that outside of N, the above holds for all t > s,n E N, B E S§s and f E This 
implies that for ii-a.e. x the measure Q(a;, •) solves the local martingale problem for 
•^[A FG] ^^'^ hence, by Lemma [3.71 the local martingale problem for ^ia,f,g]- By 
well-posedness, Q(x, •) — Pk(-) for fi-a.e. x. Hence we have 



P(A) = / P^d^iix) yAE 
Je 



This shows that uniqueness of solutions of the local martingale problem for (^, S^) 
for all a; G i? implies uniqueness of the solution of the local martingale problem for 
(^, /i) for arbitrary initial distribution fi. □ 

Next we give a lemma which allows us to construct solutions to [A,F,G]. This 
lemma is also helpful in verifying the continuity of the map x P^^ and thus 
to prove the Feller property and the strict continuity of the associated transition 
semigroup. 

Lemma 3.9. Suppose we are given sequences (_F'„)„gN and (G'„)„gN which satisfy 
the assumptions of Hvvothesis \3J\ and are uniformly bounded on hounded sets. Fur- 
thermore, assume that Fn converges to F and, for every h E H , Gnh converges to 
Gh, both convergences being uniform on the compact subsets of E. If Pn solves the 
martingale problem associated with equation [A, Fn, G„] and if the sequence (P„)„gN 
is tight, then any accumulation point of the sequence solves the martingale problem 
associated with [A, F, G] . 

Proof For M E N we put tm inf{t > : ||x(t)|| > M}. Now fix < si < 
•■■ < sn < s < t, M e N, for j = 1,...,A^, functions hj E Gb{E) and / = 
ip{{-,xl),...,{-,x*J) E 

We define $„ : G{[G,oo)-E) ^ R by 

<f„(x) := [/(x(MrM))-/(x(sArM))- / l[o,rM] M(in/) (x(r)) drj - J] /i,(x(s,)) , 

where L„ :— i[A.F„.G„]- Similarly, we define the function $, replacing L„ with 

L ■= L[A,F,G]- 
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Clearly, $„ is a continuous function for every n £ N. Using the assumption that 
Fn and Gn are uniformly bounded on bounded subsets, it is easy to see that the 
sequence is uniformly bounded. 

The assumptions on the convergence of Fn and G„ imply that £„/ converges 
to Lf, uniformly on the compact subsets of E. Now let a compact subset 'rf of 
C([0, oo); E) be given. By the Arzela-Ascoli theorem, there exists a compact subset 
K of E such that x(r) e X for aU < r < t, whenever x g Let C := 
n^=i ll^fclloo- Given e > 0, pick no such that \Lnf{x) — Lj{x)\ < e for all x £ K, 
whenever n > uq. Then, for x G ^ and n > uq we have 

|ci>„(x) - $(x)| < J' l[o,.,,] (r)|L„/(x(r)) - L/(x(r))| dr ■ C < \t - s\eC , 

proving that $„ converges to uniformly on compact subsets of C{[0, oo); E). In 
view of the uniform boundedness of the sequence $„ , it follows that $„ <i> with 
respect to l3o{C{[0,oo); E)). 

Now let P be an accumulation point of the sequence (Pn). Passing to a sub- 
sequence, we may assume that P„ converges weakly to P. Since the sequence 
(P„) is tight, p defined by p(^) :— sup„ | / ^' c?P„| is a /3o(C([0, oo); £'))-continuous 
seminorm. Hence 

J <^>dP~ J $„dP„| < J ^dP- j $dP„| $„) ^ 

as n — > oo. Thus, / $ dP = lim„_+oo / dPn = 0, since P„ solves the martingale 
problem for ^^^ p^ Q^y Since the sampling points {sj) and s,t as well as the 
functions hj were arbitrary, it follows from a monotone class argument that 

/(x(t A tm)) - / l[o,.,,](r)L/(x(r)) dr 
Jo 

is a martingale under P. Since M and / were arbitrary, P solves the martingale 
problem associated with equation [A, F,G]. □ 

3.2. Pathwise uniqueness. In view of Theorem 13.51 the uniqueness requirement 
for the local martingale problem associated with is equivalent with the re- 

quirement that any two weak solutions Xi and X2 of (jl.ip such that ^i(O) and 
X2{0) have the same distribution n induce the same measure on C([0, 00); In 
this case, we will say that uniqueness in law or uniqueness in distribution holds for 
solutions with initial distribution /i. 

In some cases, a different uniqueness concept is more appropriate. 

Definition 3.10. We say that pathwise uniqueness holds for solutions of equation 
()l.ip with initial distribution ^ if whenever ((f2, S, P), F, Wh, Xj) are weak solution 
of (HH) for j = 1,2 with Xi{0) = X2i0) - ^l, then P(Xi(i) = X2{t) : Vt > 0) = 1. 

A classical result of Yamada and Watanabe [44] asserts that in the case where E = 
R'' and Wh is a finite dimensional Brownian motion, i.e. H is finite-dimensional, 
pathwise uniqueness implies uniqueness in law. Ondrejat |34| has generalized this 
result to the situation where E is a 2-smoothable Banach space. This result also 
holds in our more general situation. 

Theorem 3.11. Pathwise uniqueness for (jl.ip implies uniqueness in law. 

The proof follows the classical lines of 44i. Here we just give a rough sketch of 
the proof and leave the details to the reader. 

Given two weak solutions with identical initial distribution, one uses regular con- 
ditional probabilities to define distributional copies of the solutions on a common 
stochastic basis (on which an 7?-cylindrical Wiener process is defined) and having 
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the same initial value. The main task in the Banach space case is to prove that dis- 
tributional copies of 'solutions' are again 'solutions'. This depends on results about 
the distribution of random integrals. In [34], mild solutions were considered. In our 
situation, we consider weak solutions, whence there are only stochastic integrals of 
//-valued processes involved in our solution concept. Thus the results of [34] are 
sufhcient to conclude that distributional copies of weak solutions are again weak so- 
lutions. Pathwise uniqueness yields that the two solutions are equal almost surely 
and from this one infers that the original solutions have the same distribution. 

3.3. Weakly mild solutions. While the notion of weak solutions of (|l.ip is ap- 
propriate to discuss the associated martingale problem and thus to establish the 
strong Markov property of solutions, experience has taught that in order to pro- 
duce solutions to (jl.ip . the concept of mild solutions is better suited. However, 
this concept requires an i?-valued stochastic integral. As an intermediate step, we 
consider a 'weak notion' of mild solution and postpone the discussion of stochastic 
integrability to the next section. 

Definition 3.12. A tuple ((fi, E, P), F, VF/^, X) , where (fi,S,P) is a probability 
space endowed with a filtration F, Wr is an //-cylindrical Wiener process with 
respect to F and X is a continuous, F-progressive, /i'-valued process is called a 
weakly mild solution of if for all x* £ E* and t > we have 

{X{t),x*) = {S{t)X{0),x*) + I {S{t ~ s)F{X{s)), X*) ds 

(3.3) 

+ / G{X{s))*S{t-syx*dWH{s). 
Jo 

P-a.e. 

Let us first prove that this is well-defined. 

Lemma 3.13. The Lebesgue-integral and the stochastic integral in (|3.3I) are well- 
defined for all t > and x* € E* . 

Proof. Let us first discuss the Lebesgue integral. The map {s,uj) i-> F{X{s,ijj)) is 
measurable as a composition of two measurable maps. Hence, it is the limit of a 
sequence of simple functions /„ almost everywhere with respect to ds <Si P. Thus 

{S{t - ■)F{X), X*) = lim (/„, S{t - -Yx*) ds(g}F- a.e. 

However, {fn, S{t — ■)*x*) — J2j'=i'^Aj„{^jn, S{t — -yx*) for certain measurable 
sets Ajn and vectors Xjn £ E. This is measurable since s i-^ (x, S{t — s)*x*) is 
continuous for all x & E and x* e E* . Hence {S{t— ■)F{X),x*) is the limit of 
measurable functions (8) P almost everywhere and thus measurable. In view of 
the continuity of the paths of X, the boundedness of F on bounded sets and the 
boundedness of S on finite time intervals, it follows that for almost all uj the function 
s H> {S{t — s)F{X{s,uj)),x*) is bounded, hence integrable. 
For the stochastic integral we use the series expansion 

G(X(s, - sYx* = [GiX{s,uj)hk , S{t - s)*x*]^hk 

k 

where {hk) is a finite or countably infinite orthonormal basis of H . Similarly as 
above, it is seen that each summand in the series is adapted and, as a function 
of s, bounded almost surely. In fact, since G : E ^ E is bounded on bounded 
sets, the series converges almost surely in L^{0,t; H). This implies that {s,uj) 
G{X{s, Lu))* S {t — s)* X* is an adapted //-valued process which belongs to L^{0, t; H) 
almost surely. Consequently, the stochastic integral is well-defined. □ 
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We now prove that the notions 'weak solution' and 'weakly mild solution' are 
equivalent. Variations of this result (for mild solutions) have been proved in various 
settings, see [lOl Theorem 5.4], |33l Theorem 7.1] or |39j Proposition 3.3]. In Section 
131 we will present several geometric assumptions on E ensuring that a weakly mild 
solution is a mild solution. 

We note that the adjoint semigroup S* may not be strongly continuous, which 
causes technical difficulties. To overcome these, we will use results about the Q-dual 
semigroup S®. We recall some basic definitions and properties and refer the reader 
to |28j for more information. 

Define i?® := D{A*). Then is a closed, weak*-dense subspace of E* which 
is invariant under the adjoint semigroup. The restriction of the adjoint semi- 
group to E®, denoted by S®, is strongly continuous. In fact, £'® = {x* : t 
S{t)*x* is strongly continuous}. We denote by A® the generator of S®. Note that 
A® is exactly the part of A* in i?®. 

Proposition 3.14. The weak and the weakly mild solutions of (jl.ip coincide. 
Proof. First assume that X is a weak solution. For n E N, define 

T„ := inf{t > : \\X{t)\\ > n} . 
Since X is a weak solution, we have for x* £ D{A*) and t > 

(X(tAT„),.T*) = (X(OAt„),x*) + / l[„,rJs){Xis),A*x*)ds 

JQ 

+ f l[o,r„]{s){F{X{s)),x*)ds+ f l[o,r^]{s)G{X{s)rx*dWH{s) 
Jo Jo 

almost surely. In view of Remark 13.41 we may (and shall) assume that the excep- 
tional set does not depend on t. Below, we will suppress the statement P-almost 
surely. 

Fix t > and let / e C^{[0,t]) and x* e D{A*). Putting ip := f(g)x*, Ito's 
formula yields 

{X{tAT,,),ip{t)) = (X(OAr„),(^(0)) + / l[o,r„](s)(^(s),¥''(s))ds 

Jo 

(3.4) + / l^o,rJs){X{s),A*^{s))ds+ f l^o.r^]{s){F{X{s)),ipis))ds 

Jo Jo 

+ I l[o.r„](s)G(X(,s))V(s)dM^ff(s) . 

Jo 

By linearity, the above equation holds for ip = Y^^=i fk ® xl where fk £ C^{[0,t]) 
and x^. G D{A*). Since D{A^) is a Banach space with respect to the graph norm, so 
is C\[0,t];D{A(^)). Functions of the form ip := XlLi fk xl with fu G CH[0,t]) 
and xl e D{A®) for 1 < fc < n are dense in C^{[Q,t]\D{A'^)) and hence an 
approximation argument shows that p.4|) holds for all p e C^([0, i]; A®). 

Now let X* e D((A®)2) and p>{s) = S{t - s)*x*. Then e Ci([0, t]; ^(A®)) 
with ip'{s) = -S{t- s)*A*x*. Thus yields for this tp 

{X{t ATn),X*) ={S{t)X{{) hTn),X*) + f 1 (^(t - s)F(X (s) ), X* ) ds 

(3.5) ^ ^° 

+ [ l[o,r^]G{X{s)rS{t~ sYx* dWnis) . 
Jo 

We now extend p.5p to arbitrary x* G E*. Since D((A®)^) is sequentially weak*- 
dense in E* , given z* G E* , we find a sequence xl € D{{A®)'^) such that xl —^* z*. 
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Arguing similar as in the proof of Lemma I3.7[ we find a sequence in the convex 
hull of the {xD such that y*^ ^* z* and 

in L^n;L^[0,t];H)). Thus, since E| /J $(5) dW^^ = \mh^n;L-([o,tYM)} 
see that 



l[o.r„]G{X{s)ySit - sYy*^ dWHi-s) ^ / l[o.r„]G(X(s))*5(t - s)* z* dWnis) 

Jo 

in L'^{fl). Passing to a subsequence, we may assume that we have convergence 
almost everywhere. However, since p.Sp also holds for x* = y^, for all m e N, 
noting that 

l[o,r„]is)\{Sit - s)F{X{s)),y*J\ < l[o,.„](s)Me"(*-^)B„- sup||y;;||, 

mGN 

where M and uj are such that \\Sit)\\ < Me"* for i > and B„ sup{||i^(a;)|| : 
11x11 < n}, the dominated convergence theorem yields (13.51) for x* — z*. Upon 
letting n — )■ 00, p.Sp is proved for arbitrary x* = z*. 



We now prove the converse and assume that X is a weakly mild solution of p.l 
Fix X* G D{A*) and t > 0. Then for < s < i we have 



{X{s),A*x*) = {S{s)X{0), A*x*) + / {S{s - r)F{X{r)), A*x*) dr 

(3.6) 

+ / G(X(s))*5(s-r)*yl*a;*dW^H(r) 



almost surely. We note that the exceptional set may depend s. However, all terms 
in this equation are jointly measurable in s and lo. Hence, the left-hand side and the 
right-hand side of (13. 6p are equal as elements of i°((0, t); L'^(r2)). By the canonical 
isomorphism L°{{0,t); L°{n)) ~ L°{n; L°{0,t)), there exists a set iV C with 
P(A'') = such that outside N equation (13. 6p holds as an equation in L°(0,i), i.e. 
for almost every s G {0,t), where the exceptional set may depend on w. Next note 
that by the continuity of the paths, the local boundedness of S and the boundedness 
of F on bounded sets, the first three terms are, as functions of s, P-almost surely 
bounded on {0,t) and hence belong to L^{0,t). Possibly enlarging N, we may 
assume that outside N equation p.6p holds as an equation in L^{0,t). Integrating 
from to t, we find that, P-almost surely, we have 

{X{s),A*x*)ds ^ [ {S{s)X{0),A*x*)ds 
Jo 

(3.7) + / / {Sis''r)F{X{r)),A*x*)drds 



Jo 

t rs 



G{X{r))*x*Sis - r)*A*x* dWnir) ds . 

Recall that for x* E D{A*) we have S{s)A*x* ds = S{t)x* - x* for ah t > 0. 
Here, the integral has to be understood as weak*-integral. Using this, we obtain, 
pathwise. 



{S{s)X{0),A*x*)ds = (x(0),y S{syA*x*ds'j^{X{0),S{t)*x*-x*) 
= {S{t)X{0),x*)-{X{0),x*). 
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"'0 



Using Fubini's theorem, we have 

{S{s~r)F{X{r)),A*x*)drds = (^F{X{r)), S {s - r)* A* x*'j ds dr 

= f {S{t-r)F{X{r)),x*)dr- f {F{X{r)),x*) dr 
Jo Jo 

pathwise. Using the stochastic Fubini theorem [SUl Theorem 3.5], it foUows that 
G{X{r))*S{s - r)*A*x* dWnir) ds 

G{X{r)yS{s - ryA*x* dsdWH{r) 



JO 

t nt 





rt pt 

G{X{r)yS{t^ryx* dWH{r)~ / G{X{r)y x* dWnir) 
lo JO 

P-almost surely. 

Plugging these three identities into p.7p and using that X is a mild solution, 
(IXTj) follows. □ 

Since all terms appearing in p. II) are almost surely continuous, there is no prob- 
lem in writing an equation for the stopped process {X{t A t),x*) and we did this 
in the proof of Proposition 13.141 On the other hand, for weakly mild solutions, 
the integrand in the stochastic integral changes with i, causing problems to obtain 
an equation for the stopped process. In [3j Appendix], this problem was solved 
under the assumption that the stochastic convolution is almost surely continuous. 
However, in the proof of Proposition 13. l41 we have shown that for a weak solution, 
(|3.5p holds for all x* G E*. Clearly, t„ can be replaced by an arbitrary stopping 
time r. Hence we have 

Corollary 3.15. //X is a weak (equivalently, weakly mild) solution of and 
T is a stopping time, then for all t > and x* € E* we have 

{X{t At),x*) ={S{t)X{0 At),x*)+ f 1^0 r] {S{t - s)F{X{sy, x*) ds 

(3.8) 

+ / i[o,,]Gix{s)ys{t-syx*dWHis). 

Jo 

almost surely. 

The question arises whether p.3p can be extended to hold for all x* EE*. This 
is indeed the case under the following additional assumption. 

Hypothesis 3.16. Assume Hypothesis [XTl that S{t) C ^{E,E) for all t > Q and 
that for X € E the -E- valued map 1 S(t)x is continuous on (0, oo). Furthermore, 
assume that for alH > the function (0,t) 9 s H> ||'S'(s)||^(-^ is majorized by a 
square integrable function. 

Assuming Hvpothesis l3.161 a slight variation of proof of Lemma [3.131 shows that 
in this case the integrals in (|3.3|) are well-defined for x* E E*. 

Corollary 3.17. Assume that Hvvothesis \3 . 16\ holds. If^ is a weak (equivalently, 
weakly mild) solution of (jl.ll) . then p.3p and (13. 8p hold for all x* S E* . 

Proof. Define 

V := {x* e E* : ^ holds a.e. } . 

By Proposition 13.141 E* C V and hence V is weak*-dense in E* . The claim is 
proved once we show that V is weak*-closed in E* . By the Krein-Smulyan theorem 
(see, e.g., §21.10 (6) of [2Ij), V is weak*-closed in E* if and only if By := {x* e V : 
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||a;*||_B» < 1} is weak*-closed in E* . However, since the weak*-topology is metrizable 
on bounded sets, it sufBces to prove that By is sequentiahy weak*-closed. 

Using Hypothesis 13.161 this can be proved similarly as when extending equation 
(|3.5p from x* G to arbitrary x* G E* in the proof of Proposition 13.141 

The proof for (|3.8p is similar. □ 



4. Stochastic integration and mild solutions 

We now address the question whether weakly mild (equivalently, weak) solutions 
of (|l.ip satisfy p.5|) also in a 'strong' sense, i.e. without testing against functionals 
X* . To be more precisely, we want to know whether for all i > the ^{H,E)- 
valued process s i-^ S{t — s)G{X{s)) is stochastically integrable (in a sense to be 
made precise below) and we have, almost surely, 

(4.1) X{t) = X{0)+ f S{t-s)F{X{s))ds+ f S{t- s)G{X{s))dWHis) . 
Jo Jq 

We begin by recalling some facts about stochastic integration of operator-valued 
processes. For time being, B denotes a general separable Banach space and H a 
separable Hilbert space. We also fix a probability space (fi, S, P) and, defined on this 
space, an i/-cylindrical Wiener process Wh, adapted to a filtration F := {,^t)t>o- 
Fix r > 0. 

An elementary process is a process $ : [0, T] x il — > ^{H, B) of the form 

TV M K 

Ht.^) = E E l(*.-i,*.]xA_(i,w)^/i 

k ® '^kmn •, 

n— 1 m— 1 k—\ 

where ^ <^ < ■ ■ ■ < <T , A In, ■ • • , Amu G =^t„_i S'l'S disjoint for all n and the 
vectors h\, - ■ ■ , Iik are orthonormal in B . If $ does not depend on w we also say 
that $ is an elementary junction. For an elementary process, the stochastic integral 
<P{t) dWnit) is defined by 

/ $(t) dWuit) ■■=Y.Y. 1^"- [WH{tn)hk - W„{tn^i)hk]xkmn 

•^0 n=l m=l fe=l 

Now let $ : [0,r] X O — > ^{H,B) be an i7-strongly measurable and adapted 
process which belongs to L'^{0,T;B) scalarly, i.e. <i>*x* G L^{Vl;L'^{Q,T;H)) for 
all x* G B* . Then $ is called stochastically integrable (on (0,T)) if there exists a 
sequence of elementary processes and an C([0, T]; £')-valued random variable rj 
such that 

(1) ($„/i, X*) X*) in L°{Vt\ L2(0, T)) for all /i G iJ and x* G B* and 

(2) We have 

77(-)=lim [ <^,,{t)dWH{t) inL"(r!;C([0,T];B)) . 

In this case, 77 is called the stochastic integral of $ and we write ^{t) dWuit) :— 
r]{t). In the case where $ does not depend on w, we also require that the approxi- 
mating sequence $„ does not depend on lu. 

Having defined stochastic integrability, we can now define what we mean by a 
mild solution. 

Definition 4.1. A tuple {{D,, S, P), F, Wh, X) where {D,, S, P) is a probability space 
endowed with a filtration F, Wh is an i?-cylindrical Wiener process with respect to 
F and X is a continuous, F-progressive, i?-valued process is called a mild solution 
of ()1.1|) if for alH > the function s 1— > S{t — s)G{X{s)) is stochastically integrable 
and (|4.ip holds almost surely. 
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It is clear from the definition of stochastic integrabihty, that every mild solution 
of equation [A, F, G] is also a weakly mild solution of [A, F, G] and thus also a weak 
solution of [A, F, G]. Moreover, if X is a mild solution, then (|3.3|) even holds for all 
X* E E* (rather than for x* E E*) and the exceptional set outside of which p.3p 
holds can be chosen independently of x* . 

The obvious task is to characterize stochastic integrabihty in terms of the process 
<&. Let us first discuss the case of -2'(i/, i3)-valued functions, which was considered 
in [33]. It was proved there that a function $ : [0, T] — > ^{H, B) is stochastically 
integrable if and only if there exists an _B-valued random variable ^ such that 

(4.2) {i,x*) = / ^{syx*dWH{s) 

Jo 

if and only if <i> represents a 7-Radonifying operator R E 7(^^(0, T; H), B). Here, <i> 
is said to represent an operator R E 7(L^(0, T; H), B) if for all x* E B* the function 
t H> '^*{t)x* belongs to i^(0, T; H) and we have 

(4.3) {Rf,x*)^ r[f{t),^*{t)x*]Hdt \ff EL^{0,t;H),x* EB* . 

Jo 

Note that if $ is _ff-strongly measurable, then the operator R is uniquely determined 
by $. 

We now recall the definition of 7-Radonifying operators. For more information 
we refer to the survey article If is a Hilbert space and i? is a Banach 

space, then every finite rank operator R : B can be represented in the form 

^n=i ® Xn, where the vectors /i„ are orthonormal in and the vectors Xn 
belong to B. For such an operator, we define 

II ^ 2 

Here, {''in)n=i ^ sequence of independent, real-valued standard Gaussian random 
variables. This defines a norm on the space ^ (E> B of all finite rank operators 
from Jif to E. The completion of Jif (E> B with respect to this norm is denoted by 
^{J^^B). This space is contractively embedded into ^{J^,B) and an element of 
^(Jf , B) is called j-Radonifying if it belongs to B). 

Using the results of [33], we obtain for (|l.ip with additive noise: 

Proposition 4.2. Assume Hypotheses \3.1\ and \3.16] and that G E ^{H, E) is 
constant. Then the weak, the weakly mild and the mild solutions of (|l.ip coincide. 
Furthermore, if there exist solutions, the function s i-> S{t ~ s)G represents an 
element of j{L^{0,t; H), E) for all t > 0. 

Proof. Let X be a weak (equivalently, a weakly mild) solution of (11.11) . If no such 
solution exists, there is nothing to prove since every mild solution is also a weakly 
mild solution. 

Arguing as in proof of Lemma 13.131 using that as a consequence of Hypothesis 
13.161 the map s i-> {x, S{t — s)*x*) is continuous even for x* E E* and x E E, 
we see that (s,w) {S(t ~ s)F{X{s,u!)),x*) is measurable for aU x* E E*. By 
Hvpothesis l3.161 ||'S'(s)||_g,(^ is majorized on (0, t) by a square integrable function, 
say g. Hence, by the boundedness of F on bounded sets we have 

\\S{t-s)FiXis,oj))\\<git-s) sup \\FiXir,u)\\ E L\0,t) . 

re(0,t) 

This implies that S{t - s)F{X{s)) ds can be defined pathwise as an i?-valued 
Bochner integral. Furthermore, this integral is a weakly measurable function of 
uj. Since E is separable, S{t — s)F(X(s)) ds is a strongly measurable function 
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of u! by the Pettis measurability theorem. Consequently, ^ := X{t) — S{t)X{0) — 
/q S{t — s)F{X{s)) ds is an £'-valued random variable. Since X is a mild solution, 
(|4.2p holds for all x* e E* by Corollary 13.171 The claim follows from the results of 
[33]. □ 

Let us now return to our discussion of stochastic integrability in a general sepa- 
rable Banach space B. In order to have a powerful integration theory for ^{H, B)- 
valued processes, we need an additional geometric assumption on B. Of particular 
importance are the so-called UMD Banach spaces. For the definition of UMD spaces 
and more information, we refer to the survey article [5]. We here confine ourselves 
to note that every Hilbert space is a UMD space as are the reflexive V and Sobolev 
spaces. 

The importance of the UMD property for stochastic integration is that it allows 
for so-called decoupling, see [131 ES] . Roughly speaking, this allows us to replace 
the cylindrical Wiener process Wr by an independent copy Wh and thus use the 
results of [33] pathwise. This program was carried out in [31] and yields a similar 
characterization of stochastic integrability as in j33| in the case of processes which 
belong scalarly to LP{il; L^{Q,T: H)). In particular, it is proved there that an H- 
strongly measurable and adapted process $ : [0,T] x — > ^{H,E) which belongs 
to LP{n; L^{0,T; H)) scalarly is stochastically intcgrable if and only if there is a 
random variable ^ S LP{fl; E) such that ()4.2|) holds for aU x* € E* . This in turn is 
the case if and only if $ represents a random variable R G 7(L^(0, T\ H), E)). 

Here 'represents' means that (|4.3[) holds for almost every oj. 

A characterization of stochastic integrability for processes $ which belong scalarly 
to L^{0, T; H)) is also contained in [31,, however, in this characterization one 

needs information about the whole integral process $(s)dW//(s); when dealing 
with weakly mild solutions, such information is not available, whence this charac- 
terization cannot be used for our purposes. Therefore, in the proposition below, we 
use a stopping time argument to reduce to the L^(f2)-case. 

Proposition 4.3. Assume Hvpotheses \3.1\ and \3.l6i and that E is a UMD Banach 
space. Then the weak, the weakly mild and the mild solutions of (|l.ip coincide. 
Furthermore, ifK. is a weak solution, then for all t > the function s i— )■ S{t — 
s)G{X{s)) represents an element of the space L^{Q,,^{L'^{0,t;H),E)). 

Proof. Let X be a weak (equivalently, a weakly mild) solution of ()1.1|) . If no weak 
solution exists, there is nothing to prove. 

For n G N and define t„ := inf{s > : ||J'('(s)|| > n}. Fix i > 0. Arguing similar 
as in the proof of Proposition 14. 2i we see that 

^„ :=X(iAr„)-^(t)X(OAT„) - / l[o,,„]5(i - s)F(X(s)) 

Jo 

is a well-defined, bounded, .E-valued random variable. It follows from Corollary 
[XTTl that for X* (^E*, 

{in,X*)= f l^o.r^]G{X{s)rS{t-s)*X*dWH{s) . 

Jo 

almost surely. Since X has continuous paths and G is bounded on bounded subsets, 
: s l[Q^.r„]S{t- s)G{X{s)) belongs to L°°{n; L'^{0,t; H)) scalarly. Hence, by 
[311 Theorem 5.9], $„ is stochastically integrable and 

X{t ATn) = S{t)X {OA Tn)+ f l[o r„]S {t - s) F {X (s)) ds 

(4-4) , 

+ / l[o,r^]S{t-s)G{X{s))dWH{s) . 

Jo 
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Furthermore, $„ represents an element of LP{il;j{L^{0,t;H),E)) for all p > I. 
Now let TV be a set with ¥{N) = such that for w ^ the map s i->- $ti(s,w) 
represents an element -R„(a;) of j{L^{0,t; H), E). Such a set exists by [31] Lemma 
2.7]. 

Note that by the continuity of the paths, $„(s, uj) = $(s, uj) := s)G(X(s, oj)) 
for all s G {0,t) and n > Uq = no{uj). Thus, $(s,a;) represents an element R{uj) of 
7(^2(0, if), for all uj <^ N. Since i?„(w) i?(a;) for ah w ^ iV, it follows that 
i? is a strongly measurable 7(L^(0, t; H), £')-valued random variable. Furthermore, 
R is represented by $. By [31] Theorem 5.9], $ is stochastically integrable and [311 
Theorem 5.5] shows that 

t pt 
'i>n{s)dWH{s)^ ^s)dWH{s) inL"(r!;£;). 

"'0 

On the other hand, 

6i ^ - S{t)X{0) [ S{t^ s)F{X{s)) ds 

Jo 

pointwise a.e. and hence in LP{VI\E). Thus, letting n — oo in (|4.4I) finishes the 
proof. □ 

5. An equation of reaction-diffusion type 

In this section, we prove well-posedness of the equation (|1.2p which we comple- 
ment with either Dirichlet or Neumann-type boundary conditions. Our state-space 
E will be £^ = Cq{0) in the case of Dirichlet boundary conditions and = C(0 In 
the case of Neumann-type boundary conditions. 

We make the following assumptions: 

Hypothesis 5.1. (A) O is an open, bounded domain in R*^ with C^'"-boundary. 
The map a : O ^ W^^'^ \s symmetric and uniformly strongly elliptic and 
has entries in C^'"(C'). 

(F) The function / : O x K ^ M is given as 

2Ar+l 
3=0 

where A e N and the coefficients bj belong to C{0) and we have 62Af+i < 
— £ for a suitable e > 0. 

(G) The continuous functions : O x M — > M have the following properties: 

(i) There exist a,/3 € such that \gk{x,r)\ < ak + l3k\r\ for all x £ O 
and r G R. 

(ii) There exist continuous functions ak '■ [0,oo) — >■ [0, cxd) such that 

a) We have \gk{x,ri) — gk{x,r2)\ < crk{\ri ~ ri\) for all x G O and 
ri,r2 e M. 

b) The function h : (0,oo) — > (0,oo), defined as h{i) :— J2T=i ^k{i) 
is increasing in t and satisfies 

/ h^^{r)dr = cxi . 

If we impose Dirichlet boundary conditions, then we additionally assume that Bq 
(from (F)) belongs to Co(0) and that gfc(x,0) = for a; e dO. 

Example 5.2. Let us give an example of functions gk which satisfy Hvpothesis 15.11 
(G)(ii). Suppose that gk : O x R — >■ R are Holder continuous of order i in the second 
variable, uniformly in the first, i.e. Ck = supj,gc, sup^^^^^^ \9kix, ri)-gk{x, r2)\ ■ {n - 
r2\~^ < oo for all A: G N. Then part a) of (G)(ii) is satisfied with <7k{r) = Ck\^. If, 
moreover, {ck)k£N € then h{r) = \\{ck)\\ei\^ and also part b) is satisfied. 
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Before we state the main result of this section, we rewrite equation (jl.2p in our 
abstract form (II. ip . 

In order to model the differential operator, we follow a variational approach. We 
consider on L^(0) the symmetric form 



a[u, v] := 




endowed with domain either D(a) — Hq{0) or D(a) — H^{0). Associated to a is a 
self-adjoint operator A2 on L^{0) which is the generator of a strongly continuous 
and analytic semigroup S2, see [ST. The operator A2 is a second order differential 
operator endowed with boundary conditions which depend on the choice of D(a). 
The choice D(a) = Hq{0) corresponds to Dirichlet boundary conditions, the choice 
D(a) = H^(0) corresponds to Neumann-type boundary conditions. To be more 
precise, in the latter case, we must have that aVw ■ v = Q on dO, where v denotes 
the unit outer normal to O. If a{x) — m{x) ■ /, in particular if a{x) = /, this reduces 
to the classical Neumann boundary conditions. 

Since the form o is in fact sub-Markovian, it follows that S2 restricts to a strongly 
continuous and analytic semigroup Sp on L'p{0) for all p E [2, 00). Its generator 
Ap is merely the part of A2 in L'^{0). By 18, Theorems 2.4.2.5 and 2.4.2.6] the 
domain of is H^'P{0), complemented with either Dirichlet or Neumann boundary 
conditions. Since Sp is analytic, it maps into D{A^), in particular, E := Cq{0) (in 
the case of Dirichlet boundary conditions) resp. E = C{0) (in the case of Neumann 
boundary conditions) is invariant under Sp and Sp restricts to a strongly continuous 
semigroup on E whose generator Ae is the part of A2 in E. 

In Hypothesis 13. 1[ we choose E = Co{0) 01 E = C'(C), depending on the 
boundary conditions, E — LP{0) for some p > 2 and A — Ap. We note that 
the complex interpolation space [D{Ap), LP{0)]e is isomorphic to a subspace of 
H'^^'P{0). Hence, using the relationship between fractional domain spaces and 
complex interpolation spaces and the fact that ||5'p(t)||^(ip(c))^D((«;-yip)») <t-', it 
follows from Sobolev embedding that also Hvpothesis 13 . 161 is satisfied if 9 and p are 
chosen large enough in relation to d. 

In the proof of uniqueness of equation (|1.2p , we will use the following result about 
the resolvents which follows from the regularity assumptions on a and O and [TTJ 
Theorem 6.14] resp. [ITl Theorem 6.31]: 

Lemma 5.3. If f e C"(0), then R{\,Ap)f = R{X,Ae) € C^'"(0). In particular, 
the second order derivatives of R{X, Ap)f are bounded. 

Let us next turn to the nonhnearity /. We define F : C{0) — > C{0) ^ E hy 

[F{u)]ix) ■.^f{x,u{x)). 

Then F is locally Lipschitz continuous from C{0) to C{0). Indeed, by the bound- 
edness of the coefficients bj, it follows that -^f{x, r) is bounded on bounded subsets 
of R, uniformly in x S C Now the mean value theorem immediately yields the local 
Lipschitz continuity. In particular, F satisfies (1) of Hvpothesis 13.11 Note that in 
the case of Dirichlet boundary conditions F maps C[)(0) into itself by the additional 
assumption 60 € Co(C') 

It is easy to see that, for suitable constants ai, 02, 61, 62 G we have 

_ 6ir2^+i < /(x,r) < 02 - 62^'"^+^ . 

This yields, see [23l Example 4.5], that for u,v E E and u* e the subdiffer- 

ential of the norm at m, we have 

(5.1) (F(u + v)- F{v),u*) < a{l + \\v\\f^+' - b\\uf^+^ . 
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This dissipativity property plays an important role in proving existence of (global) 
solutions for (jl.2[) . see Section [5^ 

To model the stochastic term, we put H ~ Denoting the canonical orthonor- 
mal basis of £^ by (e^), the operator Wh ■ £^(R_|.;£^) — i^(il), defined by 

oo 

fe=i 

is an i7-cylindrical Wiener process, cf. |29) . 
We define G : E ^ ^{e,LP{0)) by 

OO 

G{u)h ^hkgk{-,u{-)) . 
fc=i 

Note that for every fc g N and u € E we actually have gki-,u{-)) G C(0) C LP{0) 
with ||f;(-, u(-))||tx> < afc + /3fe||u||oo so that the above series converges in LP{0). In 
fact, even the series 

oo oo 
k=l k=l 

converges in LP{0). Hence, by [31 Lemma 2.1], G{u) G j{i^,LP{0)) and 

OO 1 

I1G(W)II7«'^L.(0) ^ ||(El5fc(-'"(-)l')lL.(0) - I^l(ll"ll2 + ll/3||2||"l|oo). 



fc=l 



This proves that G : E ^ j{H,E) has linear growth. Let us next prove that G is 
continuous. To that end, let w„ u in Co{0). Then C := sup„gpj ||w„||oo < oo- 
Employing [32} Lemma 2.1] a second time, we see that 



\\G{un) - G{u)\\^(p^Lno)) - \ {^^\9k{-,un(-) - gfc(-,M(-))P) 

fe=l 

But, by dominated convergence, the latter converges to 0, since the integrands are 
dominated by the bounded function 2(||q;||£2 + ||/3||£2C) and converges to pointwise. 

Having clarified the interpretation of equation (jl.2p . we can now formulate the 
main result of this section. 

Theorem 5.4. Assume Hypothesis 15. Jl Then for every initial distribution fi € 
V{E), there exists a unique (in law) mild solution u of equation (jl.2p such that 
u{Q) — Uq has distribution fi. Moreover, pathwise uniqueness holds for (jl.2p . all 
solutions are strong Markov processes with respect to a common transition semigroup 
T and , if denotes the distribution of the solution of equation l\l.2\i with initial 
value X E. Then the map x i— >■ P^; is continuous; in particular, T is a strictly 
continuous Feller semigroup. 



The proof of Theorem 15.41 is given in the three following Subsections. We first 
prove pathwise uniqueness of solutions, then existence of solutions for deterministic 
initial values uq ^ E and then use our abstract results to finish the proof. 

5.1. Proof of uniqueness. Wc first prove pathwise uniqueness for equation p.2l) . 
In view of Theorem 13. Ill this proves uniqueness in law for (|1.2p . 

Proof. We need some preparation. 

We may (and shall) assume that h{x) > y^, otherwise replacing h{x) with 
h{x) + ^/x. Similar as in the proof of the classical Yamada-Watanabe theorem [33], 
we choose a decreasing sequence a„ J, such that oq — 1 and 

~i 

h~^(r)dr = n . 
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Next pick functions tpn € C^O^) such that suppV'ri C (a„,a„_i) and 

< ipn{r) < I < — Vr e M and / V«(r) dr = 1 
nn [r) nr 



We now define 



^0 

It foUows from the choice of the ipn that every function vanishes in a neighbor- 
hood of zero, namely in (~a„,a„). Consequently, 0„ G C°°(R). More precisely, 

rH 

(t^'Jr) = sgnr ■0„(r)dr and 0^(r) = VnCkl) ■ 
Jo 

We note that 

|r| - a„_i = / l(a„_i,oo)(s) ds < (/)„(r) < |r| , 
Ja 

implying that (/)„(r) — > |r| uniformly on M. Moreover, (t)[^{r)f — |r| J^''' -0„(t) dr 
converges to |r| pointwise. 

To prove pathwise uniqueness, let ui, U2 be two weak solutions of (|1.2p . defined 
on the same probability space and with respect to the same sequence of Brownian 
motions [wk)- We furthermore assume that ui(0) = U2(0) almost surely. We have 
to prove that ui = U2 almost surely. For m S N, we define the stopping time t,„ by 
r„ := inf{t > : \\ui{t)\\ V \\u2{t)\\ > m}. 

Now fix A > 0. Then x* := \R{\, Ae)*Sx G D{A*). Since ui and U2 are weak 
solutions, p.ip yields 



[Ai?(A,A£;)(ui(t A r„0 - W2(i A t„0)] (x) 

[A£;Ai?(A,A£;)(Mi(s) -U2(s))](a;) 

[XR{X,Ae){F{ui{s))^F{u2{s)))]{x) ds 

+ Y1 / l[0,r„](s)[Ai?(A,AB)(5fe(ui(s)) - gfe(w2(s)))] (x)dwfc(s) . 
fc=l -^0 

To simplify notation, let us write S^u{s) := \R{\, Ae){ui{s AT,n) ~ U2{s Arm)) . We 
also abbreviate Ja^'Cs) := XR{X, AE){F{ui{sATm))-F{u2{sATm))) and 5^^gkis) ■= 

XR{X, AE){gkiui(s A Tm)) - gk{u2{s A Tm)))- 

Now, by Ito's formula, 

MK^mx)) = r^"^ cbU5Tu{t){x))[AESTu{s){x)+6TF{s){x)] ds 
Jo 

oo 

4>n{Ku{s){x)) J2 ST9k{s){x)STgi{s){x)ds+ a martingale, 



2 /•t/\T„ 



k,l=l 



for aU X e O. 

Next, let < w G 0(^2) n C^(0); below we wih take v = R{fi,A2)(p for a 
function if G (7^(0). Note that since A2 is selfadjoint and the semigroups Sp are 
consistent, it follows that v G D{A*) and = ^2?;. Integrating against v and 
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taking expectations, we obtain 

E{^n{SMt)),v) / {cj)',^{STu{s))AcJxu{s),v)ds 
Jo 

+ E {cj,',,{6Tu{s))6^F{s),v)ds 
Jo 

+ -Ej^ {M\ST^{^)\){T.STgk{s)) ,v)ds 

=: /i(n,A) +/2(n,A) +/3(n,A) . 
We now proceed in several steps. 

Step 1: We provide an estimate for Ii{n, A). 

This part of the proof is similar to that of [371 Lemma 2.2]. First consider 
arbitrary u,v £ D{A2). Integrating by parts, using the boundary conditions, we 
obtain 



(j)'j^(u{x))Au{x)v{x)dx— / 4'l^{u{x))u{x)Av{x) dx 

Jo 

+ I (f)[[{u{x)){a{x)\7u{x),'^v{x))^du{x) dx 
(l)'^{u{x)){a{x)\/u{x),\/u{x))^dv{x) dx 



o 

v" ' 

o 

=: Ji(n) + J2(n) - J'iin) 

Next we additionally assume that u > 0. We define u{x) := a(xyi^u{x) and 
v(x) := a(x)2 Vw(x). In what follows, an index k indicates the fc-th component of 
a vector. Noting that 0"(r) — V'rid'"!) > 0, we estimate 

d „ 

J2(n) - J3(n) = / ipn{\u{x)\)[uk{x)vk{x)u{x) ~ Uk{xYv{x)\dx 

d „ 

- X! / i'n{\u{x)\)[uk{x)vk{x)u{x) - Uk{xYv{x)\ dx 

d „ 

- X! / V'n(|w(2;)|)wfc(a;)wfe(a;)w(x) , 

where 

:= {a; : Ufe(a;)^?j(a;) < iii;(a;)'Di;(x)u(a;)} H {x : v{x) > 0} . 
Let us also define 

:= Bkr\{x : Uk{x) ^0} and := Bk n {x : Uk{x) ^ 0} . 
On we have < Uk{x)v{x) < Vk{x)u{x) and, consequently. 

Similarly, on B'^ we have > Uk{x)v{x) > Vk{x)u{x), yielding also 

1pn{\u{x)\)uk{x)vk{x)u{x) dx < / 1pn{\u{x)\)u{x)'^Vk{x)'^v{xy^ dx . 

We note that this estimate also holds for the integrals over since in that case 
the integral on the left-hand side vanishes whereas the integral on the right-hand 
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side is nonnegative. Summing up, using the properties of V'rn we find 

J{v>o} nx) 



< 



2, , M , ,,||a(a;)^|j2||V«(a;)||2 ^ 

-lw_,<K.)|<a„}(:^)mx)l " " '' dx 
{v>o} 



^ 2a„M /• ||Vt;(2:)f 



{|t>|>0} 



v{x) 



We note that if w G C^{0), then, as a consequence of [27', Lemma 2.1], the integral 
in the above equation is finite. 

Step 2: We take hmits as A — >■ cx). 
By Step 1, we have 

E(0„(,5™^.(t)),z;) <C{v)-+^ r^"^ {<t>'„{S^u{s))STuis),A2v)ds 
" Jo 

+ E {<t>'„{S^;:u{s))STF{s),v)ds 







2 

M\Ku{s)\)[Y.^"^9k{s)) ,v)ds. 



k=l 



Here, C{v) is a constant depending on v. For cj) E E we have XR{X, E)(p 
uniformly on O. Hence, upon A — !■ cx) we find 

E(0„((5'"w(i)),w) < C(v)- +E / (0;((5'"u(s)),5'"M(s),A?;)ds 







n 



2 Jo 



t/\Trr 



2 



k=l 

=: C{v)- + hin) + hin) + hin) 
n 

where we have used the abbreviations d"^u{s) ui{s Arm) ~ U2{s Arm) , S™'f{s) := 
f{ui{s A T„i)) - f{u2{s A Tra)) and := gk{ui{s A t„)) - 5^(^2(5 A t„)). 

S'iep 5; We estimate l2{n) and /3(?t.) and let n 00. 

By construction, ^„(|(5'"-u(s, a;)|) < ^h[\5™u{s,x))\)~'^ . Furthermore, by as- 
sumption (G)(ii), we have 

00 ^00 2 

{^Y.5"^gk[s,x)) < ^ {5"^ u{s , x)) . 

k=l k=l 

Hence, since v is positive and ipn{r) < ^h^r) ' conclude that Isin) < 

^IIHUho). 

Concerning l2{n), note that since / is locally Lipschitz continuous in the second 
variable, uniformly in the first and since \5"^u{s,x)\ < 2m for all s S [0,t] and 
a; G O, we have |0„(5"'u(s, x))(5'"/(s, a;)| < L™|(^„((5"u(s, x))|5™u(s, 

Since (j^nif) t ^ uniformly for r G M and (j)'^{r)r — > |r| we find upon letting n — >■ 00 
that 

E(|(5'"w(i)|,w) < E / (|5™w(s)|,A2w)ds + i,^E / (|(5'"w(s)|,w)ds 
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for all < u e D{A2) n 0^(0). Setting := E\S"'u{t)\ and using Fubini's 

theorem, it follows that 

(5.2) {<^m{t),v)<[ {<i>^{s),Av + L^v) . 

JQ 

Step 4-' We finish the proof. 

We now choose < 93 e C^{0) and put v = R{fi, A2)(p G D{A2) in the previous 
arguments. Note that by Lemma [^751 we indeed have v G C^{0), so that (|5.2p holds 
for this function v by the previous steps. Since A2i?(/x, A2) = /Lti?(/i-, A2) — /, we 
have 

{R{fi,A2)^„i{t),(p) < I {<S>{s),fiR{fi,A2)(p-(p)ds + L„, [ (i?(^, A2)$™(s), y^) 
Jo Jo 

Jo 

Consequently, by the GronwaU lemma, {R{fi, A2)^m{t),'p} = 0. Since < (p £ 
C^{0) was arbitrary, we conclude that R{^,A2)^{t) = and thus (f>(t) = 0. This 
in turn yields Ui{t,x) = U2{t,x) for all < i < r,„ and all x £ O. Since f cx) 
almost surely, it follows that, almost surely, ui{t) = U2{t) for alH > and finishes 
the proof of pathwise uniqueness. □ 

5.2. Proof of existence. We now proceed to prove existence of solutions to equa- 
tion pT^ with deterministic initial values. If the map G(-) : E ^{i'^,LP{0)) 
is additionally assumed to be bounded, then existence of (mild) solutions to p.2p 
follows directly from the results of [5]. It thus remains to extend these results to 
maps G of linear growth. To do so, we employ Lemma 
For n,k £ N we define 

gi"''{x,t) := < g{x,n), if <> n 

[ g{x, — n), if t < —n . 

We note that for every n, the sequence (<7^"'')fceN satisfies Hvpothesis 15.11 more 
precisely, for all n G N the same vectors a, /3 G i'^ and the same functions ak 
and h can be used for the sequence ((jf^"^)fegN- Moreover, the associated operators 
G^"-\u)v := X^feLi '"k9k^\-,ui-)) take values in j{P,LP{0)) and are bounded on E. 
Of course these operators are not miiformly boimded, but the G*-"-* are uniformly 
of linear growth. 

By the results of [2J, for any uq E E, there exists a mild (hence weak) solution u„ 
of equation [A, i^, G] with initial datum uq. Consequently, by Theorem 13.51 there 
exists a solution P„ of the local martingale problem for J^f^y^ p qM] with initial 
distribution S^g- Noting that G„(-) converges to G(-) in ^{i^,LP{0)), uniformly 
on the compact subsets of E (even on the bounded subsets of E), existence of a 
solution to the local martingale problem for ^[a,f,g] with initial distribution Suq 
follows from Lemma 13.91 once we proved that the sequence P„ is tight. 

It remains to prove that the measures P„ are tight. Wc shall prove this using 
the factorization method [9]. More precisely, we will proceed in two steps. First, 
we prove that the solutions u„ are uniformly bounded in probability and then we 
apply the factorization method in a second step. 

Proof. We use the notation introduced above, i.e. for fixed uq G E, Un denotes a 
mild solution, defined on a probability space (r2„, £„, P„), of equation [A, F, G] with 
initial datum uq and P„ G 7'(G([0, 00); i?)) denotes its distribution. denotes 
the cylindrical Wiener process on r2„ with respect to which u„ is a mild solution. 

Note that, by the previous subsection and 2 , equation [A,F,Gn] is well-posed, 
so that Pn does not depend on the particular mild solution m„. 
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Step 1: We prove that the solutions m„ are uniformly bounded in probability, 
more precisely, for all g > 2 and T > there exists a constant C — C (T, q) , 
independent of n, such that 

for all n £ N. Here, E„ denotes expectation with respect to P„. 

The following is [23l Lemma 4.8]. It is the key- lemma to prove boundedness in 
probability. 

Lemma 5.5. Let A be the generator of a strongly continuous contraction semigroup 
S on E and F : E ^ E satisfy //(/?, V' e C([0, T]-E) satisfy 



u{t) 



S{t~ s)F{u{s) +v{s))ds yte[0,T] 



then 



sup \\vit)\\ < 



(1+ sup \\vit)\\). 

t£[0,T] 



Using Lemma 15. 5[ the proof of boundedness in probability follows the lines of 
[231 Theorem 4.9]. 

We fix fc € N and define r^' : n„ [0,oo) by r^"^ := ini{t > : \\un{t)\\ > k} 
with the convention that inf = 0. We now define u'^{t) := UnitArJ!). By Corollary 
13.151 we have 

= S{t A r^)uo + / Sit- s)F{ul{s)) ds 



+ / l[o,..](s)5(i-s)G„«(s))diy;}(s). 
Jo 

Applying Lemma 15.51 pathwise with 

u{t) = ut{t)-S{tATl')uo- f l^o,ri^]{s)S{t~s)GnK{s))ds 



vit) = S{tAT^)uo+ l[o,...](s)5(t-,s)G„K(s))dVF;}(s), 
Jo 

which are continuous on [0, r^], we obtain 



E„ sup 
te[o,T] 



S'(i-s)F(4(s))ds 



<c(l + hoir + IEn sup / l[o.."](s)5(t-s)G„«(s))dW^5(s) ") 



sup 

te[o,T] 

where C is a constant independent of n and k. 

We next prove an estimate for the stochastic term. To that end, pick 9 such that 
D{{w - Ap)'>) ^ E. Then 

9 



E„ sup 

te[o,T] 

< E„ sup 

tG[0,T] 



l[o,r;:]{s)Sit-s)GniuUs))dWHis) 



l[o,r,"](s)5(i - s)G„K(s)) dWnis) 



E 
Q 



< 



\s^ [t-s) ''l[0,r^-](s)G„«(s))||^(^2(o,f.£2)^ip(o))rfs, 



where we have used [32j Proposition 4.2] in the last estimate. Here, r € (0, ^) is 
such that 6* < r — i. Note that with appropriate choices of 9 and p, it can always 
be arranged that there exists such an r. 
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Since LP{0) has type 2, L'^{0,t;-f{e,LP{O))) -f{L^{0,t; e), LP{0)), see [Ml 
Theorem 11.6]. Thus the above may be estimated by 

< [ {jl^^- ^r'''^n\\G^i<im'iP,L.(0)) ds) * dt 

< [ ( j\t - sr^^{\\a\\l + ||/3|l^E„||<Gs)|||) ds) " dt 

< ( £ s-'^ ds) ' Ml + ||/?||lE„||<(s)||| ds 

where we have used the uniform hnear growth of the Gn in the second and Young's 
inequahty in the third hue. Cohecting the estimates, we find that 

E„ sup < Ci(i + ||uoll|) + C2(r)E„ sup Wu'^mi 

t&[0,T] t£[0,T] 

where Ci and C2(T) are certain constants, independent of n and k and C2(T) — >■ 
as T — > 0. Thus, for Tq smah enough 

E„ sup < (l-C2(To))-iCi(l + ||t.o|||;) 

te[o,To] 

for all n,k £ N. For fc — > cx) we obtain, by Fatou's Lemma, that u„ belongs to 
Li{nn;Ci[0,To];E)) with 

ISn|l"n|lL.(a;C[0,To];iJ)) < " (Tq) ) " ^ Ci (1 + ||uo|||) 

where the constants (in particular the constant Tq) do not depend on n. 

To extend this from Tq to general T, let us first note that since equation [A, F, Gn] 
is well-posed, it is completely well-posed. In particular, for every initial distribu- 
tion there exists a unique (in probability) weak solution with that initial distri- 
bution. One can now repeat the above computation, to prove that the above es- 
timate generalizes to initial values uq e L'^{^ln'T E). Here, of course, we have to 
replace ||mo|||; with E„|juo|||;. In particular, one can prove that S{t — •)G(u„(-)) G 
L^(0, 7(^^, □((?« — ApY)), so that this function is stochastically integrable with 
values in D{(w — Ap)^) and hence, trivially, with values in E. This implies that u„ 
is a mild solution. 

Using uniqueness of solutions, we can now iterate this as usual and, given T > 0, 
obtain a constant C = G{T,p) such that 

I^"ll"«IIL(O;C([0,T];iS)) ^ + ^n\\uo\\l) ■ 

This finishes the proof of Step 1. 

Step 2: We apply the factorization method. 

For 7 e (0,1], the factorization operator is defined on L'^{[0,T]; E) (or on 
L«([0,T];iP(O))) by 

[R^f]{t) / {t-sy-^S{t-s)f{s)ds. 

JQ 

Smoothing properties of these operators were studied in ^ , its use to prove tightness 
of stochastic processes goes back to [16] . The essential property, see [T5j Proposition 
1], is that if the semigroup S is immediately compact (note that this is fulfilled in our 
situation) and 7 € {q~'^, 1], then defines a compact operator from L'^{[0,T]; E) 
to Ci[0,T];E). 

We now prove tightness of the measures (Pn). Using [19j Proposition 16.6], we 
see that it suffices to prove that the restrictions p1?'^' of P„ to G{[0,T]; E) are 
tight. 
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For the rest of the proof, we fix T > and e > be given. We need to produce 
a compact set C C([0, T\,E) such that Pk°'^' (^) > 1 - e for aU n € N. 

By Step 1 and Chebyshev's inequality, we find a bounded set SS C C([0,T];£') 
such that IPn(Mn|[o,T] ^ SS) > \ — e/2. Since F is bounded on bounded subsets of 
E, there is a bounded set 3§f C C{[0,T];E) such that F„{F o u„|[o,t] G ^f) > 
1 — e/2. Since i?i is compact, the set Jip := Ri^p is compact. Furthermore, 
P„(i?ii^ o M„|[o,T] S '^f) > 1 — Thus, with probabihty at least 1 — e/2, the 
deterministic convolution 

/ S{t~ s)F{un{s))ds 



takes values in the compact set J(fp. 

We next tackle the stochastic convolution. To that end, we pick 9 such that 
D{{w — A)p)) ^ E and 7, r G (0, i) with 7 < r, and g > 2 large enough such that 
0<7— i <r— |. We then define on il„ by 

t^„W := / {t~s)-^S{t~s)Gniun{s))dW^. 

JQ 

It was seen in the proof of 32, Proposition 4.2], that this is a well defined 
stochastic process in L«(f7, L9(0, T; D((w - Ap)^))) £9(0, T; £;)) with 

lEn||fn(i)|ll,,(o,T;£;) ^ ^» P - s)"''G„(u(s))|jT,(L2(o,t;//),LP(o)) . 

Proceeding similarly as in the estimate for the stochastic term in Step 1, it is easy 
to see that 

^n\\VnmUo,T:E)^Cil + \\uo\n, 

where C is a constant depending on q and T. Thus, by Chebyshev's inequality, we 
find a bounded subset C L'i{0,T;E) such that P„(w„|[o,t] e ^g) > 1 - e/2. 
Via the stochastic Fubini theorem, it is seen that 

S{t ~ s)Gn{Un{s)) dW^iis) = R^Vn{t) 





see [21 ini]. Hence, by compactness of R~^, there exists a compact subset Ji^c 
of C{[0,T]; E) such that for all n G N the stochastic convolution t i~-> Jq S{t — 
s)G'„(m„(s)) dW^I^(s) lies in Jfc with probability at least 1 — e/2. 
Putting :— S {■)uo + Jtp + J^Gi it follows, using that 

Un{t) = S{t)uQ + f S{t-s)F{Un{s))ds+ f S{t-s)Gn{Unis))dW'ji{s) 

Jo Jo 

almost surely for all t E [0,T], that Pn(u„|[o,T] € ^) > 1 ^ £• This finishes the 
proof of Step 2. 

The existence of a measure P e V{G{[0, oo); E)) which solves the local martingale 
problem for (-Sf[yi.F.G]i ^«o) follows Lemma [321 CD 

5.3. End of the proof. From what was done so far, it follows that the local mar- 
tingale problem for J2f[A,F,G] is well-posed. Thus, by Theorem 13.81 it is completely 
well-posed and the solutions are strong Markov processes with a common transition 
semigroup T. By Theorem 13.51 there exist weak solutions of equation [A,F,G], 
that is, of equation (|1.2I) . with any specified initial distribution /i G V{E). Arguing 
similar as in the previous section, one sees that for any solution u the stochastic 
convolution exists as a stochastic integral in D{{w — ApY) and hence, trivially, in 
E. This yields that u is, in fact, a mild solution. With similar arguments as before, 
one also sees that for deterministic initial values m„ — >■ it in E, it follows that P„„ 
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converges weakly to Now the claimed properties of the transition semigroup T 
follow from Theorem 12.51 The proof of Theorem 15.41 is now complete. 

Acknowledgment. I would like to thank Jan van Neerven for helpful comments 
and for suggesting several improvements. 
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